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Abstract 

This work deals with the conformal transformations in six-dimensional spinorial formalism. Several 
conformally invariant equations are obtained and their geometrical interpretation are worked out. Finally, 
the integrability conditions for some of these equations are established. Moreover, in the course of the 
article, some useful identities involving the curvature of the spinorial connection are attained and a di¬ 
gression about harmonic forms and more general massless fields is made. (Keywords: Spinors, Conformal 
transformations, Twistors, Massless fields, Six dimensions, Integrability Conditions) 


1 Introduction 

Although it is possible to obtain general results handling spinors without specifying the space dimension, 
in the spinorial formalism each dimension has its own peculiarities. The easiest way to identify and take 
advantage of these particularities is by means of the index notation. In such approach, a spinor is represented 
by an object possessing one index running from 1 to 2 ^/ 2 ]^ where re denotes the dimension of the space and 
[re/2] stands for the integer part of re/2. Particularly, in even dimensions, a general spinor can be decomposed 

n — 2 

as the sum of two Weyl spinors of opposite chiralities, each Weyl spinor possessing 2 “ 2 “ components. For 
instance, in four dimensions the Weyl spinors are objects with indices ranging from 1 to 2. This two-component 
formalism, introduced by Roger Penrose, was the basis for all the great achievements of the spinorial calculus 
in four-dimensional general relativity mmm- For example, the two-component spinorial formalism played 
a prominent role in understanding the Petrov classification, the Goldberg-Sachs theorem and the asymptotic 
behaviour of massless fields in asymptotically flat spacetimes. Even though these topics can be grasped 
without spinors, it is much more enlightening to address them using the spinorial formalism in its index 
notation. Moreover, the two-component approach brought various advances for the study of four-dimensional 
geometrical structures, as exemplifies the twistor theory. With such applications in mind, the aim of the 
present article is to investigate and obtain conformally invariant equations in six-dimensional spaces using 
the spinorial index formalism. Alternative ways of attacking the problem of finding conformally invariant 
operators can be found in mum and references therein. 

The applications of conformal invariance in physics dates back to 1909, when H. Bateman and E. Cunning¬ 
ham noticed that Maxwell’s equations were invariant under conformal transformations mm- A decade later. 
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Hermann Weyl took another huge step when he introduced the concept of gauge freedom, while he unsuccess¬ 
fully attempted to bind gravitation and electromagnetism in a unique geometrical theory [9]. Since that time, 
the notion of conformal invariance has acquired an increasingly relevance in physical theories. Classically, 
massless particles move along null directions, which, in turn, are invariant under conformal transformations. 
Thus, it is reasonable to expect that massless field equations are conformally invariant. However, this guess 
turn out to be erroneous, as there are plenty of massless equations of motion that are not invariant under 
conformal transformations, as exemplified along this article. Therefore, those massless theories that are con¬ 
formally invariant are endowed with quite special mathematical and physical properties |10| . In particular, 
over the past decade much attention has been drawn to the AdS/CFT correspondence, which provides access 
to non-perturbative aspects of quantum gravity and enable the treatment of strongly coupled conformal field 
theories, with relevance for condensed matter and nuclear physics mm- Scale invariance also plays a cen¬ 
tral role in statistical physics and quantum field theory, as this symmetry is present in the fixed points of the 
renormalization group |13| . Although the scale symmetry is less stringent than the conformal symmetry, it 
turns out that almost all physical applications of the former comes accompanied by the latter symmetry |14| . 
For an historical account on physical applications of the conformal transformations, the reader is referred to 

m- 

The conformal group of the space is given by SO{p -pl,q + 1). Thus, the conformal group in four 
dimensions is the rotation group in a six-dimensional space, which gives one important physical motivation for 
investigating spaces of six dimensions. Indeed, this route for studying four-dimensional conformal field theory 
has already been taken [n izi da US]. Still, spaces of six dimensions are also interesting in themselves, 
as they can be used to model higher-dimensional theories of (super-)gravity |20) . In addition, it has been 
constructed a correspondence between a six-dimensional conformal field theory and a gravitational theory in 
AdSj X |21| . Furthermore, the computation of scattering amplitudes of massless fields by means of the 
spinor-helicity formalism have also been put forward in six dimensions |22l 123) . Moreover, the six-dimensional 
twistor theory and the Penrose transform have recently been considered in |24l |25| . 

The structure of this article goes as follows. In Sec. [2l the index formalism for spinors in six dimensions is 
introduced and the notation used throughout the article is established. Then, the consequences of a conformal 
transformation on the spinorial connection and its curvature are displayed in Sec. [3l The latter results are then 
used to investigate the conformal properties of some massless fields in Sec. 01 More precisely, we consider how 
the harmonic condition on differential forms is represented in the spinorial formalism and how this condition 
is affected by a conformal transformation. Inspired by a few well-known conformally invariant equations for 
fields of spin 1/2, in Sec. [5] we present a series of conformally invariant equations for massless fields of higher 
spin. We further provide a geometrical interpretation for these fields. Moreover, in Sec. 01 we obtain the 
integrability conditions for some of these equations. Finally, in Sec. [71 the concluding remarks are presented. 

2 Spinorial Formalism in Six Dimensions 

The aim of this section is to briefly review the index approach for the spinorial formalism in six dimensions 
as well as to set the notation adopted throughout the article. A thorough introduction to this subject can be 
found in [501157| . 

The group is the double covering of and the space of spinors is the vectorial 

space in which acts the faithful representation of the group SPin(MP’'^) with lower dimension. For instance, 
SPin{R^’^) SL{2, C) is the double covering of the Lorentz group 50(3,1). This is the theoretical basis be- 
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hind the 2-component spinorial formalism introduced by Roger Penrose in four-dimensional spacetimes. These 
spinors with two components are the objects in which a 2-dimensional representation of the group SL{2, C) 
acts. There are two independent 2 -dimensional representations of SL{2,C), the traditional one that comes 
from the very definition of this group and the complex conjugate of the latter, which cannot be obtained from 
the first representation by a similarity transformation. The objects in which the first of these representations 
act are the Weyl spinors of positive chirality, while objects transforming according to the second representa¬ 
tion are Weyl spinors of negative chirality. In the same fashion, in six-dimensional Euclidean spaces, we have 
that SPiniM.^) ~ SU{4:). Thus, in a six-dimensional space of Euclidean signature, spinors are objects that 
transform in the 4-dimensional representations of SU{4), namely objects a-^d Aa such that the action of 
[/ € SP(4) is given by 

X^^U\x^ , Xa-^U-^\\b. (1) 

Where the capital indices range from 1 to 4 and is a unitary matrix of unit determinant, with 

being its inverse. In particular, it follows that the scalar is invariant by the action of SU{4). 

The spinors x^ are said to be Weyl spinors of positive chirality, while Xa are Weyl spinors of negative chirality. 
A Dirac spinor is then given by a pair {x^, As). 

The representations carried by x^ and Aa are the only independent 4-dimensional faithful representations 
of the group SU{4). However, in six-dimensional spaces of non-Euclidean signatures there exist two more 
independent representations. A convenient way of handling the case of arbitrary signature is by considering 
the complex case and, when necessary, imposing reality conditions in the vector space in order to choose a 
signature, in the spirit of [271128]. Therefore, let us consider the spinors of the vector space M® ( 8 > C r\j C®. 
Inasmuch as 5Pm(C®) ~ SL{4,C), and since 5'L(4, C) admit four independent 4-dimensional representations, 
we can have four types of spinors in the complex case. The actions of an element S € SL{4,C) in these 
representations are given by 


X 


A 


qA 

^ bX 


B 


Aa 


Xb 


X 


B 


X 


A s. 




Where is a 4 x 4 complex matrix of unit determinant, with Sj^ and S being its inverse, its 

complex conjugate and the inverse of its complex conjugate respectively. The dot over the spinorial index serves 
to recall that we are dealing with a complex conjugated representation. The reason for the representations x^ 
and A^ to be unnecessary in the Euclidean signature is that in the group SP(4) the complex conjugate of the 
4-dimensional matrix representation is just the transpose of the inverse. In the general case, dotted indices 
can be transformed into undotted indices just by means of the introduction of a charge conjugation operator. 
In what follows we shall deal just with undotted indices, but completely analogous results follow for spinors 
with dotted indices. 

Since S'Pm(C®) is a double covering for the group 50(C®), it follows that one can use the spinor to 
generate the vectorial and tensorial representations of the group 50(C®), as illustrated in |26| . Eor instance, 
a vector in C® possess six components, so that its spinorial representation must also have six components. 
Indeed, the spinorial equivalent of a vector in C® is an object of the form which is antisymmetric in 
its indices. Actually, in arbitrary dimensions, any totally skew-symmetric tensor is represented by an object 
with two spinorial indices, which stems from the fact that the space of differential forms is spanned by the 
quadratic objects {'ip,Xai—ap'^)^ where tp and (p are Dirac spinors, Xai---ap is the skew-symmetric product of 
the Dirac matrices 7 ^, and (,) is an inner product in the space of spinors that is invariant by the connected 
component of Thus, for instance, in six dimensions a bivector Bab = —Bba is represented by an 
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object of the form that is trace-less. The latter object is in a 15-dimensional representation of the group 
SU{4:), in accordance with the fact that the space of bivectors over C® has 15 dimensions. Besides the vectors 
and bivectors, table [T] summarizes the spinorial representations of some other important tensors in C®. In the 
mentioned table, the indices a, 6 , c, • • • represent vectorial indices and, as usual, indices enclosed inside round 
brackets must be symmetrized, while indices inside square brackets are antisymmetrized. Such table have 
been provided here for the convenience of the reader, but an analogous table, as well as a careful explanation 
of its assertions, is available in Ref. j26| . 


SO{C^) Form Spinorial Form Algebraic Symmetries 


ya 

yAB 

yAB ^ ylAB\ 

Sab = Syb) ,S\ = 0 

qAB 

CD 

^eabcd 

qAB _ qAB _ r\ 

^ CD — [CD]’ CB — ^ 

9ah 

EABCD = ^[ABCD] 

Bab B^ab] 

UA 
^ B 

B\ = 0 

Tabc ^[abc] 

{T^^,Tab) 

= T(ab)^Tab=T^ab) 

Cabcd 

r'AB 

CD 

/^AB j^AB n 

^ CD — ^ {CD)^^ CB — ^ 


Table 1: The first column gives the tensor structure in the space C®. The tensor Qat represents the metric 
of the vector space and Cabcd is an object with the same algebraic symmetries of a Weyl tensor, namely 
Cabcd = C*[cd][a6] = 0. The second column gives the spinorial equivalent for each tensor of the first 

column. The third column gives the symmetries that must be satisfied by these spinorial objects. 


Since a vector index is represented by a pair of skew-symmetric spinorial indices, a ~ AB, the action 
of lowering or raising a vectorial index by means of the metric Qab and its inverse is represented in the 

spinorial language by lowering or raising a pair of anti-symmetric indices: 

K = 9 abV^ ~ Vab = ^sabcdV^^ and = g^’^Vb ~ ( 2 ) 

Where eabcd is the unique totally antisymmetric object such that 61234 = 1- But, it is worth pointing out 
that, differently from the well-known four-dimensional case, there is no natural way of raising or lowering a 
single spinorial index in six dimensions. Using the fact that the 4-dimensional representation of 5'L(4, C) is 
formed by matrices of unit determinant, it is simple matter to verify that the objects sabcd and are 

invariant by the group SPin{C^), just as the metric gab is invariant by the action of the group 50(C®). Since 
a vectorial index is represented by an anti-symmetric pair of spinorial indices, one could wonder why a bivector 
Bab = B^ab] is represented by B^^ instead of an object of the form ^abcd = ‘^[ab] [cd] = —^cdab, which 
clearly has the equivalent of two anti-symmetric vectorial indices, as a bivector should have. The answer is 
that both objects are in the same representation of SL{4,C). Indeed, the invariant object provides a 

one-to-one map between them, 

rA _ 1 ^AEDC TO 
-D ^ e -ODC EB ■ 

A detailed description of similar relations for the other tensors in tabled] is available in Ref. |26| . 

Now, let us move from fixed six-dimensional vector spaces to tangent spaces of six-dimensional manifolds 
endowed with a metric gab and equipped with the Levi-Civita connection, which is denoted here by Va. In 
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order for a manifold to admit a spinor bundle it must satisfy some topological requirements, which will be 
assumed to hold throughout this article [291130) . It turns out that the Levi-Civita connection can be extended 
to the spinor bundle and the extension is unique apart from a C/(l) gauge symmetry [311132) . This gauge 
symmetry is fixed if we impose that such connection satisfies the Leibniz rule with respect to the natural 
inner product in the spinor bundle. As usual, this gauge fixing condition will be assumed here. This spinorial 
connection will also be denoted by V^, or Vab in the spinorial representation. In particular, the curvature of 
such connection is given by 

(V.Vfe - = ^ab'^DX^- (3) 

Since in the latter equation the pair of coordinate indices ab is skew-symmetric, it follows, by means of table 
[H that this pair of vectorial indices can be replaced by one spinorial index up and one spinorial index down 
with vanishing contraction, 

(VaVfe - ~ where 93 Vb = 0 . 

Indeed, it is possible to check that equation ([3]) is equivalent to the following relation 

^GABC y^^) = 4 93%^^ X^ ■ (4) 

Inasmuch as the Levi-Civita connection is torsionless, the action of the curvature operator 2V[aVfe] on the 
scalar must vanish. Then, once we have chosen the spinorial connection to obey the Leibniz rule with 

respect to the contraction of spinorial indices, one concludes that 

^GABC (y^^ y^^ _ y^^ Vab) Ag = - 4 93^^^ Ab . (5) 


It turns out that the curvature of the spinorial connection, in the gauge assumed here, can be entirely written 
in terms of the Riemann tensor associated to the metric gab- Indeed, for such a gauge we have that the 
spinorial curvature operator is given by \Rab‘^lcld |32j . where Rab'^ stands for the Riemann tensor and Xa 
are the six-dimensional Dirac matrices. Therefore, just as the Riemann tensor can be written as the sum 
of the of the Weyl tensor, the traceless part of the Ricci tensor and the Ricci scalar, the same can be done 
with According to table [H the spinorial representation of the Weyl tensor is given by an object of 

the form symmetric in both pairs of indices and traceless, while the spinorial version of the 

traceless part of the Ricci tensor is given by an object of the form skew-symmetric in both 

pairs of indices and traceless. Thus, if R is the Ricci scalar, one can decompose that the spinorial curvature 
as follows 


493' 


A B 
C D 


= T 


AB 


CD 


+ ^^^CD + R{oi.6c6e — be) , 


where 




AB 


CD — ^ (CD) ’ ^ CD — ^ 


4' 


AB 


CB 


= 0 = ck^^cB 


{CD) ’ CD — [CD] 

with a and {3 being some constants. A relation between these constants can be determined imposing the 
requirement that ^^j^e vanishes, which yields (3 = da. Then, defining A = a R, it follows that the spinorial 
curvature is given by 


493' 


A B 
C D 




CD 


+ A- {be bf) — AbE be) , 


( 6 ) 


The above decomposition of the spinorial curvature have been used in |33) to find an integrability condition 
for the twistor equations in six-dimensional Einstein spaces. 
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Now, let be a vector field. Then, 


2 Vbd ~ ^ ^ 2 ^CE ^ ^ 2 ^ 

= 3 (ig 4' VcE = 6i VcD - 2 Vbd 
Therefore, if is an arbitrary vector field then the following algebraic identity holds 

Vbd = \5^ Vcd • (7) 

Since the connection adopted here is torsionfree, it follows that the action of two covariant derivatives on an 
arbitrary scalar function / commutes, so that Eq. ([7]) admits the following natural generalization 

V^^Vsd/ = \4v^^VcDf = \4^f- (8) 

Where the box operator is defined by □ = ab- However, the latter identity does not hold when 

the derivative operators are acting on tensors or spinors, due to the fact that in these cases the covariant 
derivatives cease to commute. In particular, when the derivative operators act in spinors, one can prove that 
the correct analogs of Eq. ([S]) are given by the following relations 

= \{S^Dx^ - A^^b'^eX^) , ^ {6^n , 

(9) 

S/^^S/bc\d = \{5iU\D + 4iHVDAE) , Vbc^^^Xd = ^ (<5^nAz) - 41 HVdAe) • 

These identities can be proved following steps entirely analogous to the ones used to obtain Eq. ([7]) and using 
Eqs. m and Q to interchange the order of the covariant derivatives acting on the spinors. Likewise, these 
relations can be naturally generalized to the case in which the derivatives act in spinorial objects of higher 
rank. For instance, 


V^^VbcB^f = ^ - Arnes'' eB^f + • 

3 Conformal Transformations 

The goal of the present section is to obtain how the spinorial connection and its curvature are modified by a 
conformal transformation. If gab denotes the metric, then a general conformal transformation amounts to the 
following map: 

9ab ' ^ 9ab — Qab j (fO) 

where 0 is a positive function throughout the manifold. Since in the spinorial formalism the metric is given 
by the totally skew-symmetric symbol eabcd, one concludes that the following transformations hold 

£ABCD = ^ABCD and ^ABCD _ q-2 ^ABCD ^ 
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Now, it is useful to define the following vector field 

Hab = ( 12 ) 

It is well-known that the Levi-Civita connections and associated to gab and Tjab respectively can be 
related by the following relation 

VaVfc = VaVb -VaHk- VbHa + gabVcH^, 


whose spinorial analogue is given by 

'^abVcd = ^abVcd - VabHcd - VcdHab + -^^abcdVef . (13) 

Then, writing Vab = and assuming the relations 


^AB^C = AB^C + ‘^Hc[a^b] and Vab^C = ^AB^C + 2i 

it is straightforward to prove that the identity (fT3l) is satisfied. Once we know how the connection Vab acts 
in a spinor of negative chirality, we can obtain its action on a spinor of positive chirality by using the fact that 
the connections Vab and Vab must agree when acting on a scalar. Then, choosing the scalar to be Xa^P^, 
we are led to the identity 

'^AB'lp^ = HbIA^b] ■ 

Summing up, the action of the connection Vab on spinors is given by the following important relations: 


VABX^ = VabX^ - 2x^^^d[A<^b] > 


Vab^c = Vab^c + ‘^Hc[a^b] ■ 


(14) 


Since both connections V and V obey the Leibniz rule, one can use Eq. (d to obtain the action of V on 
objects of higher rank. For instance, it follows that 

= VasE^V - 2Y^^epHg[a5% - 2E^V^^G[A<^g + 2He[aY^\f + 2 i^F[A|E^^B|B] . 

where the vertical bars in the notation means that the index E should not be anti-symmetrized 

along with A and B. Since the property that defines the spinorial affine connection Vab is that its action on 
^ABCD yields zero, one can prove that the relations presented in Eq. (1141) are indeed correct by computing 
V ab^CDEF and noting that it vanishes. 

Now, inserting (I14p in the left hand side of the relation 

-GABC^yABVcD - VcdVab)x^ = , 


leads to the following transformation rules for the irreducible parts of the curvature: 


^AB _ q-2 yuAB 
^ CD ^ CD ^ 


$ 


AB 


CD 


= n 


-2 


4> 


AB 


tABzj__ ^ABzj__ ^ M^B]fj^FF^ 


CD + Hcd - V^^Hcd - g S^c^D (^ Hef - Hef) 


(15) 


A Ta + ^V^^Hef + ^H^^Hef) ■ 
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In particular, note that the object that represents the Weyl tensor, transforms covariantly under 

conformal transformations, which stems from the fact that the Weyl tensor is the conformally invariant part 
of the Riemann tensor. 

4 Massless Fields 

In four dimensions, the prototype of a conformally invariant massless field equation is given by the source-free 
Maxwell’s equations. These equations can be nicely cast in the language of differential forms by saying that 
the field strength tensor, F, is an harmonic 2-form, namely dF = 0 and d-k F = 0, where -kF stands for 
the Hodge dual of F. Given the relevance of these equations, the intent of the present section is to analyse 
how the harmonic^ condition of a differential form is expressed in the six-dimensional spinorial formalism and 
investigate its conformal properties. 

Let S be a 2-form. Then, the equation dB = 0 is equivalent to = 0, which says that a 3-form made 

out of the derivative of B must vanish. In six dimensions, a 3-form is represented in the spinorial language 
by the pair {Tab,T^^), where both objects are symmetric. Tab = '^{AB) Apart from a 

multiplicative constant, the only pair of this form that we can built using the derivative of B in the spinorial 
language is (Vc{aB^‘ From which we conclude that dB = 0 is equivalent to Vc{aB^b) ~ 

and ^ = 0. On the other hand, equation d-k B = 0 is equivalent to V^Bab = 0, i.e. a 1-form made 

out of the derivative of B vanishes. In the spinorial formalism, a 1-form is represented by an object with 
a pair of skew-symmetric spinorial indices, uab = ^[AB]- can also use the metric to raise this pair of 
indices, yielding There are two 1-forms that we can construct using the derivative of B in the 

spinorial language, namely Vb] ^ABDE^^^B^^j. Using the fact that B"^^ = 0 it can be proved 
that these two 1-forms are, actually, proportional to each other, leading us to the conclusion that the spinorial 


equivalent of d* S = 0 is S/(A[aB^b] 

= 0. Using the same reasoning we can arrive 

at the following relations: 

o 

II 

3 


= 0, 


d-ku = 0 


= 0, 


dB = 0 


^C{aB^B) = 0 and = 0 

? 

d -k B = 0 


= 0, 

(16) 

dT = 0 


VcaT^^ - V^^Tac = 0, 


dk^T = 0 


VcaT^^ + V^^Tac = 0. 


Where in the above equations cj is a 

1-form 

, S is a 2-form and T is a 3-form. 



differential form F is defined to be harmonic when AT = {dS + 5d)F = 0, where 5 oc is the adjoint of the exterior 
derivative with respect to the usual inner product in the bundle of differential forms. Thus, every differential form that is closed 
and co-closed, namely dF — 0 and d*!'’ = 0, is harmonic, but the converse is not true in general. Nevertheless, in the particular 
case of a compact manifold endowed with a metric of Euclidean signature, these two concepts are equivalent. Here, we shall 
abuse the language and use the term harmonic to mean a closed and co-closed form, in any signature. 

^It is worth remembering that in general Tab is completely independent from each one carry 10 degrees of freedom, 

summing the 20 degrees of a 3-form in six dimensions. 



Now, we shall investigate how these equations behave under conformal transformations and whether these 
equations are conformally invariant. Since we do not know what should be the conformal images of these 
three helds, let us define 

. Tab = Tab , T^^ = T^^ , 

where a, k, t and g are free parameters that can be conveniently chosen. Using Eq. ([HI) along with the 
Leibniz rule, it is straightforward to see that for a general 1-form for a general 2-form 

with = 0, and for a general 3-form ^Tab) = {T^^^\T(^ab))) the following identities are valid: 


S/ABio^^ + {2 +a) Hab + 5^b Hac , 

VabB^d = ^abB^jj + (3 + ac) Hab B^d - Had b\ , 

^2 yAB^C^ ^ QK yAB^C^ + (3 + At) B^a - H^^ B^a > (17) 

VabT^^ = Vab T^^ + (4 +g) Hab T^^ , 

^2 ^ ^AB + (2 + r) H^^ fcA ■ 


Then, assuming the forms u, B and T to be harmonic according to the metric gab, he. assuming that (I16p 
holds, and using Eq. dm) we easily hnd that 

= {2 +a) [HabT!^^ - S^bHacT^^^] , 

VabTi^^ = {Q + a)HAB^^^, 

^A[bB^d) = (2 + «) Ha(b B^d) > = (2 + At) H^^^ B% , (18) 

'^a[bB^b] — + H) Ha[b B"^B] ■’ 

VcaT^^ - V^^Tac = (4 + ^>) HcaT^^ - (2 + t) H^^ Tac , 

VcaT^^ + V^^Tac = (4 + ^>) He A T^^ + {‘2 + t) H^^ Tac • 

Comparing these equations with (I16p . we conclude that the harmonic condition for the 1-form and for the 

2- form are not conformally invariant. For instance, choosing At = —2 we find that dB = 0 while choosing 

At = —4 we find that d^B = 0, but we cannot choose At in such a way that the both equations, dB = 0 and 

diB = 0, hold simultaneously for an arbitrary conformal transformation. In the same fashion, we cannot 
choose fj in such a way that equations du = 0 and d-k u: = 0 are simultaneously invariant under conformal 
transformations. Differently, by choosing g = —4 and r = —2 we see that both equations dT = 0 and dkT = 0 
are conformally invariant. Thus, in six dimensions the harmonic condition is conformally invariant just for a 

3- form. Actually, this fact is well-known and can be easily proved without using spinors, just using the fact 
that the exterior derivative is conformally invariant, since it does not depend on the metric, while the Hodge 
dual operator transforms homogeneously under conformal transformations. The reason for writing the above 
conditions in terms of spinors is to make connection with the upcoming section. Generally, in n dimensions, 
the harmonic condition is conformally invariant just for ^-forms. 

Before proceeding, let us digress about the physical connection between massless fields and conformally 
invariant equations. The mass of a field provides a physical scale associated to the field, while massless helds 
have no intrinsic scale. Thus, since a conformal transformation provides a local change of scale, we foresee 
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a link between conformal invariance and massless fields. In addition, we know that massless particles move 
along null rays, i.e. their motion are confined to the light cones. Then, since the light cone structure is 
conformally invariant, it is reasonable to expect that massless fields are described by conformally invariant 
equations. However, generally, this is not the case. For instance, if L is an harmonic p-form then the condition 
dh = 0 can be locally solved by writing L = dA, where the potential A is some {p — l)-form. In which case 
we have a gauge freedom of adding an exact form to the potential, A —)■ A + dA, which leaves L unchanged. 
It turns out that one can manage to use this gauge freedom in order to make the equation d-k L = 0 equal to 
□A = aA = 0, which is clearly a massless equation. In this sense, the harmonic condition is a massless 
equation. In spite of this, as acknowledged above, the harmonic condition is conformally invariant just for 
middle forms, i.e. just for ^-forms, with n being the dimension of the space. Another important example 
of a massless equation that is not conformally invariant is the equation for the gravitational field in general 
relativity. In a region of spacetime without matter we are left just with the gravitational field. In such a 
region, the Ricci tensor vanishes, so that the Riemann tensor is equal to the Weyl tensor. Therefore, the 
Weyl tensor obeys the second Bianchi identity, ^[aCbc]de — 0- However, if we perform a general conformal 
transformation in the metric, the Ricci tensor becomes non-vanishing and the Weyl tensor ceases to obey the 
second Bianchi identity. The examples of this paragraph illustrate that conformally invariant equations are 
much more special than massless field equations. Although it is simple matter to find massless field equations, 
conformally invariant equations are rare and hard to find. Indeed, there is a whole formalism, the tractor 
calculus, whose main application is the search and the study of conformally invariant differential operators 
0 . 

However, it is worth noting that it is always possible to view a massless field that is not conformally 
invariant as the byproduct of a larger conformally invariant massless theory with broken conformal symmetry 
|34) . For instance, by considering the conformal factor H as a dynamical field in the gravitational theory, along 
with the metric, one arrives at a larger theory whose field equation is conformally invariant. For example, 
considering a theory whose fields are (gab,^) and whose field equation is Ricci[H^gfab] = 0, it is obvious that 
such a theory is invariant under the conformal transformation (gab^^) ^)- The latter theory 

have been introduced, with advantages, in Ref. |35] with aim of studying the initial value problem in General 
Relativity. 

As an aside, it is pertinent commenting on the relation between the harmonic condition and the source-free 
Yang-Mills equation. In gauge theory, if A is a connection of a principal bundle, namely a Lie algebra-valued 
1-form, then its curvature is a Lie algebra-valued 2-form obeying Yang-Mills equations. In absence of sources, 
these equations are analogous to the harmonic condition, but with the exterior derivative replaced by a suitable 
covariant derivative D. Then, in four dimensions, a prompt solution for Yang-Mills equations is provided by 
a 2-form F that is closed and (anti-)self-dual, namely DF = 0 and -kF oc F. This kind of solution is called an 
instanton and its non-perturbative nature makes it of great physical interest, specially in non-abelian gauge 
theory |36) . Nevertheless, in higher dimensions, self-dual 2-forms do not exist and instantons solutions for 
the Yang-Mills equations are not possible in the usual sense. However, there is a sophisticated mathematical 
treatment that enable the generalization of the concept of an instanton to six dimensions, the gerbe formalism 
m- Roughly speaking, a gerbe is a generalization of the notion of a principal bundle such that its connection 
is a 2-form rather than a 1-form |38| . Thus, in six dimensions, we can say that a closed (anti-)self-dual 3-form 
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is the curvature of a connection on a 


gerbe that extremizes the actiorU 


S = j Ti{D A A irDA ), 

where A is a Lie 2-algebra-valued 2-form [321 ED- Particularly, in string theory, the Kalb-Ramond 2-form can 
be seen as the connection of a ?7(1) gerbe |38) . Specially in six dimensions, the fact that the harmonic condition 
for a 3-form is conformally invariant, while the same is not true for a 2-form, enhance the geometrical relevance 
of the gerbe formalism in this particular dimension. The geometric interpretation of a gerbe connection is 
quite natural: just as a 1-form connection couples to the vector field tangent to the orbit of a point particle to 
give the parallel transport of its internal degrees of freedom, a 2-form connection couples to the world-sheet 
of a string to provide its parallel transport. 


5 Conformally Invariant Spinorial Equations 

The aim of this section is to present a series of conformally invariant equations that emerge in the six¬ 
dimensional spinorial formalism. The strategy to obtain these conformally invariant equations is to write down, 
using the index notation, three well-known conformally invariant equations, the massless Dirac equation, the 
twistor equation, and the equation that defines the integrability of a maximally isotropic distribution, and try 
to generalize these equations to higher order spinorial objects. 

5.1 Generalizing the Dirac Equation 

The Dirac operator is formally defined hy V = ■ V“, where the dot represents the Clifford action of a 

vector field on a spinor, and {e^} is a local frame for the tangent bundle. In terms of the index notation in 

six dimensions, the Clifford action of a vector field on a Dirac spinor is given by 

V= {2V^^i:B,-2VBAV)- (19) 

Indeed, one can check that this action leads to the relation that defines the Clifford algebra, namely 

ea • ■'(/') + eg • (e^ » = 25.^ V' • 

Then, by means of (I19p . one easily obtain the following equivalence relation 

Vi/j = 0 4^ tpB = 0 and = 0. (20) 

The index form of the massless Dirac equation in six dimensions resembles its 4-dimensional correspondent, 

which can be cast in the form = 0 and = 0i where a and /3 are 4-dimensional spinorial indices 

ranging from 1 to 2, and the pair (()“,^^) is a Dirac spinor in four dimensions. 

^Note that if T is a 3-form then TAT vanishes identically. Thus, If T Is (anti-)self-dual then T A *T vanishes. Moreover, in 
a real six-dimensional space of Euclidean signature the action S = f T A *T is positive definite. So, it would follow that a real 
instanton-like solution, DT = 0 and *T oc T, would be an absolute minimum of the action S in Euclidean signature. However, 
it turns out that in a six-dimensional Euclidean space there is no real 3-form such that *T oc T, which stems from the fact that 
in such a case *(*T) = — T. Differently, Instanton-like solutions are allowed in the Lorentzian signature. 
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Since the massless Dirac equation, Vi/j = 0, is conformally invariant, we conclude that both equations on 
the right hand side of (1201) might also be conformally invariant. Indeed, choosing the transformation of the 
Dirac spinor to be 

Ip = t ^ ,ipB) = 

and using m, we can check that whenever the equations = 0 and V = 0 hold, the equations 

V^^'ipB = 0 and VAB'ip^ = 0 also hold, for any choice of conformal factor. 

Now, summing and subtracting the last pair of equations in (|18l) . it follows that the spinorial equations 

Vab = 0 and Tbc = 0, (21) 

for and Tab = T(^ab) ) are also conformally invariant if we choose the conformal transformation 

of the objects and Tab to be 

^AB -^ fAB ^ 5^-4 J,AB ^ ^ ^-2 _ 

Then, inspired by the conformally invariant equations (1201) and (I2ip . it is natural to guess that the general 
equations 

VaBi = 0 and Kb,...b, = 0 (22) 

are conformally invariant if these spinorial objects are totally symmetric, and Kbi...Bp = 

K[Bi...Bp)- Indeed, choosing the transformation rules 

j^B,...Bp ^B,...Bp ^ ^-(2+p) j^B,...Bp Kb,...Bp ^ KB,...Bp = KB,...Bp . 

and using (I14p along with its higher rank generalizations, it follows that 

^ab,K^^-^p = Q ^ Vab,K^^-^p = {) and Kb,...Bp = ^ ^ = 0, 

for any choice of conformal factor D. Actually, these equations have already been considered before in the 
context of the vector space C® in Ref. |24) . but the conformal transformation of the fields and Kb^...Bp 

have not been pointed out there. The geometrical interpretation of these equations is, certainly, cumbersome 
in the case of arbitrary p. However, the special case p = 2 can be readily interpreted with the help of Eq. 
m- More precisely, the equation Vab = 0 is equivalent to the assertion that the self-dual 3-form whose 
spinorial representation is given by , 0) is harmonic. Analogously, equation Kbc = 0 says that the 

anti-self-dual 3-form represented by {0,Kab) is harmonic. Particularly, in the case in which 
for some nonzero spinor it follows that the 3-form generates a vector distribution, spanned by 

the vector fields annihilated by the interior product with this 3-form, that is maximally isotropic and whose 
associated pure spinor is [2611101132]. In this case, equation Vab = 0 is equivalent to the following 
condition 

Vab f f V of the form x'®' • (23) 

Since the vectors of the form x^^ ^re just the vectors annihilated by the 3-form (C"^^'®,0), it 

follows that equation Vab = 0 means that the isotropic distribution generated by the pure spinor 

is integrable. Analogously, equation (k-bKc) = 0 is equivalent to the condition that the maximally 
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isotropic distribution generated by the pure spinor ka is integrable0 The index form of the conformally 
invariant equations ( 1221 ) shows a striking resemblance with the conformally invariant massless field equations 
studied by Penrose in four dimensions [2], which are given by = 0 and = 0) where 

(pai-’-op are totally symmetric in their spinorial indices. 


5.2 Generalizing the Twister Eqnation 


Another well-known conformally invariant equation is the twistor equation. In n dimensions, a Dirac spinor 
is called a twistor whenever it obeys the following differential constraint: 

VaV’--ea-2:^V' = 0. 
n 

Now, let us deduce how this equation is written in six dimensions using the index formalism. First, note that 
the twistor equation do not mix the two chiral parts of the Dirac spinor if). So, for sake of simplicity, let us 
suppose that the spinor ?/) is chiral. For instance, consider the case of positive chirality, 'i/i = ('!/)"^,0). Then, 
due to (fT9l) . the twistor equation is written as 

^ = 0. (24) 


Thus, contracting the latter equation with e°‘Qp and using the identity 


_ AC.D] 

® AB ®a ~ ^A ’ 


we end up with 

^GH V = \[5h ^gd Vhd ) . (25) 

Then, in six dimensions, a positive chirality spinor is a twistor if, and only if, it obeys the equation 

= C,[a^b] ( 26 ) 

for some spinor C,a- Indeed, contracting a pair of indices in this equation one concludes that (^a is necessarily 
given by ^\7ab'>P^, which agrees with (1261) . Differently from the definition adopted in [33| . note that the above 
deduction shows that the contraction i^^Ca is not necessarily zero. The special case 'iP'^Ca = 0 represents 
the particular circumstance in which the twistor is an integrable pure spinor, namely the null subspaces 
generated by the vector helds that annihilate the pure spinor form an integrable foliation. 

Analogously, a spinor of negative chirality, 'll) = (0,'^^ 4 ), is a twistor if, and only if, there exits a spinor 
such that 

(27) 

Generally, if if) is an arbitrary Dirac spinor, 'll) = ('ip^j'ips), then it will be a twistor if, and only if, both 
equations (I26p and ([271) are satisfied for some spinors (Ia and ■ Raising and lowering the derivative indices 
in Eqs. (1261) and (I27p respectively, in accordance with ([2]), we conclude that the twistor equation can be 
equivalently written as 

^^[AB^G\ ^ _ ^ 28 ) 

^It is worth recalling that in even dimensions less than eight, every chiral spinor is a pure spinor. 
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Moreover, in view of the skew-symmetry in the indices of the derivative operator, it is immediate to verify 
that these equations are also equivalent to the following pair of equations: 

= 0 and '^a{b'^c) — 0- (29) 

Since the twistor equation is conformally invariant, it follows that equations (1261) . (1271) . (I28p and (|2^ are all 
invariant under conformal transformations. In order to attain conformal invariance, the conformal transfor¬ 
mation of the twistor components might be 

• 0 ^ — = , iI;a — > i^A = ^i^A- 


It is interesting to compare the index form of the twistor equation in six and four dimensions. In the latter 
case, the twistor equations can be written as ~ 9 and ~ 9’ which is quite similar to Eq. 

(I29p . These striking resemblances between the spinorial formalism in four and six dimensions should not be 
expected in principle, inasmuch as in different dimensions the spinorial indices have different group-theoretical 
roots. Indeed, for example, Eq. (I28p have no analog in four dimensions, since the covariant derivative in such 
a case carry two spinorial indices of different types that cannot be treated in same fashion and, therefore, 
cannot be permuted. Moreover, in four dimensions, the anti-symmetrization of three or more spinorial indices 
is identically zero, which would give the four-dimensional analog of Eq. ([28l) a trivial meaning. 

The nice thing about the form (1291) of expressing the twistor equation is that it allows a higher rank 
generalization that is also conformally invariant. Indeed, assuming that and Qai---Ap are totally 

symmetric, namely and Qai---Ap = Q{Ai---Ap)i if turns out that the equations 

gCr-Cp) ^ 0 and Va(bQci...Cp) = 9 (30) 

are both conformally invariant if we choose the fields and Qai---Ap to behave under conformal trans¬ 

formations as follows 


qM-Ap qA,-Ap ^ qA,-Ap ^ ^ QPQa,...Ap. 

where it is necessary to use ()14p and its higher rank versions in order to verify this assertion. Just as Eq. 
(I22p is a natural higher rank generalization of the Dirac equation, Eq. (l30l) is a higher rank generalization 
of the twistor equation. As far as the author knows, these equations have not been found elsewhere. It is 
worth stressing that, generally, solutions of (|22p do not generate solutions of (1301) and vice versa. This is in 
accordance with the fact that the Dirac and the twistor operators are complementary parts of the covariant 
derivative operator with respect to the Clifford action of a frame {e^}, as depicted below. 


V, 


Trace part: V = e“ • Va 

Traceless part: e“ • = e“ • (V^ — ^ eg • T>) 


Where by traceless it is meant that e“ • 7a = 0. It is pertinent to highlight the power of the index notation, 
as it would be much more difficult to obtain the conformally invariant equations ([22|) and (1301) without using 
the index formalism adopted here. 

Now, we shall try to provide a geometrical interpretation for the objects and Qai---Ap obeying 

dao]). Let and ka be integrable pure spinors that are parallel propagated along the curves tangent to 
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their respective isotropic foliations, namely = 0 and ka'^^^k-c = 0. Then, if and Qai---Ap 

obey Eq. (I30|) . it follows that the scalars Q^^"''^pkai ■ ■ ■ i^Ap and Qax—Ap^^^ • • • are constant along the 
foliations generated by ka and respectively, namely 

ka ■ ■ ■ KAp) = 0 and Vab (Qai-A,^^^ • • • = 0 . 

In this sense, we can interpret the objects and Qai---Ap as generators of conserved scalars along 

maximally isotropic foliations. 

5.3 Generalizing the Equation Defining an Integrable Mciximally Isotropic Distribution 

Isotropic structures are, by definition, formed by null vector fields, which are conformally invariant. Therefore, 
it is reasonable to expect that the equations that define their integrability are also conformally invariant. For 
instance, if is a nonzero spinor of positive chirality then the vectors fields that annihilate this spinor field 
form a maximally isotropic distribution, namely they span a null subspace of dimension three at each tangent 
space of the manifold. These vector subspaces form an integrable distribution in the sense of Frobenius if, 
and only if, 

. V C^. 

Such condition is equivalent to the existence of some vector field Vab = V\^ab] such that 

i^^ABf = VABi^f . (31) 

In the same fashion, a spinor field of negative chirality, ka, is said to generate an integrable maximally isotropic 
distribution if, and only if, there exists some vector held such that 

ka kc = k-a kc ■ (32) 

As expected, one can check that Eqs. m and (I32p are conformally invariant, with the spinors and ka 
transforming as: 

and ka —ka = ka- 

Now, natural higher rank generalizations of Eqs. (1311) and (1321) are provided by the following equations: 

^Ai(A2-Ap ^Cl-Cp) ^ ^Ai(A2-Ap ^Cl-Cp) ^ 

^Ai(A2-Ap -^Ci-Cp) = ^Ai(A2-Ap -^Ci-Cp) • (33) 

Where Vab = V[ab] are some vector helds, whereas and Lai---Ap = 

L^Ai—Ap) S'l'e totally symmetric. Using (1141) and its higher rank generalizations, one can check that the 
quadratic equations (1331) are also conformally invariant if the latter helds transform as 

^Ai-Ap ^ IA,-Ap ^ Q-PL^i-Ap La,-Ap = Tai-Ap- 

To the best of author’s knowledge, these equations have not been considered elsewhere. Now, let us try to 
give some sort of interpretation to these conformally invariant equations. Let and tpA be twistors, namely 
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Eq. (f^ hold. Then, defining r]^ = L^^‘^"'^P'iI:b 2 '' ''4’Bp and r}A = Lab2---Bp'4’^^ '' it follows that the 
scalars rj^ipA and rjAip^ are such that 

r]^ C^AB - Vab) {rf'ipc) = 0 and r]A (V^'® - {rjc'ip^) = 0. 

Particularly, in the case p = 1 and Vab = 0 the first condition above states that ABiL^'ipc) = 0, which 
means that the scalar L^ipA is constant along the foliation generated by the integrable pure spinor L^, for 
any twistor ^pA■ 

It is worth pointing out that the dimension six is the only even dimension in which there exist pure spinors 
that are twistors but do not generate an integrable distribution |32) . For instance, in four dimensions, the 
twistor equation for a Weyl spinor of positive chirality is given by = 0; which can be equivalently 

written as V/p^_^(j)a 2 = £0102 some spinor A^. The latter equation, in turn, implies that ~ 

(j)a 2 which means that the isotropic distribution generated by (p^ is integrable. Actually, in four dimensions, 
a Weyl spinor generates an integrable distribution of isotropic planes if, and only if, it obeys the twistor 
equation |32| . 


6 Some Integrability Conditions 

The goal of this section is to present some integrability conditions that must be satisfied by the curvature of 
the Levi-Civita connection in order for the conformally invariant equations exhibited in the preceding section 
to admit solutions. More precisely, we shall calculate the first order integrability conditions. Although for the 
Eqs. ([30l) and (j33p we are going to consider just the simplest case p = 1, these constraints already give a hint 
in the kind of integrability conditions that are behind such differential equations. 


6.1 Dirac Equation and its Generalizations 


Let us start analysing the integrability conditions of the massless Dirac equation and its generalizations. If 
j^Ai—Ap Kai---Ap are objects that are totally symmetric in its indices, then the identity ([9]) yields 


4VadV^^Kc,...Cp =6^nKc,...Cp -4plHV(Ci^C2-CDE- 


(34) 


Now, suppose that and Ka^—Ap obey the conformally invariant equations (I22p . Then, contracting 

the indices B and Ci in (|34p yields 


□ I^AC2-Cp ^ K^2-Cp)E □ Kac2-Cp = 4p ^^A^^iB Kc2-Cp)E • (35) 

In the case p = 1, i.e. for the case of spinors obeying the massless Dirac equation, these relations give 


UKa = -ISAATa and UK^ = - 


Nevertheless, such relations impose no constraint on the curvature. Moreover, analogous relations are valid 
in any dimension, as a consequence of the following well-known identity |32| : 

VV Ip = \Ji Ip + , 
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where V' is an arbitrary spinor and R is the Ricci scalar. Where it is pertinent to recall that in the present 
formalism the scalar A is equal to R apart from a multiplicative constant. In the case p = 2, Eq. (I35p provides 

□ and UKa.a, = -18AKa,a, + Kbe^^^a.a,- 

The interesting thing happens when we have p > 3 in Eq. (p5l) . For such a case, we obtain 

□ = -(12 + 3p) + (p - 1) ^ 


(36) 

OKai-Ap = -(12 + 3p) A i^Ai-Ap + (p — ^) Kbe{A2-Ap-i'^^^A p)Ai ■ 

Then, contracting these equations with ecDAiA^ and respectively, we hnd the following integrability 

conditions 


ecDAiA2A:^®^2(A3-Ap-i - 0 and 


BE '-^SEA2(A3'"ylp_i'1' Ap)Ai 0- 

These relations imply that the Weyl tensor must be algebraically special in order for the manifold to admit 
solutions of Eq. (1221) when p > 3. 


(37) 


6.2 Twistor Equation 

Now, we shall analyse Eq. (l30l) in the case p = 1, namely the twistor equation. Consider a twistor of positive 
chirality i.e. assume that 

Vab = C[A ^B] ■ 

Then, taking the covariant derivative of this equation and then inserting into the relation that dehnes the 
curvature of the spinorial connection, Eq. m, lead to 

(^VABClB^ij " VbB C[A-^i)) 

= - 2V^^Cb + 2V^^Ca5b - V^^Ca<5b • (38) 

Taking the symmetric and the skew-symmetric parts of the above equation in the pair of indices GC, and also 
contracting the indices C and F, lead eventually to the following relations: 

= 0 , V«^Cb = , V^GCg = 3AV^g^ (39) 

The hrst of these relations states that the Weyl tensor must be algebraically special in order for the manifold 
to admit a twistor. The analogous of this constraint in four-dimensional spacetimes is that the null vector 
associated to the twistor is a repeated principal null direction. The second relation in (I39p implies that in an 
Einstein manifold, namely when fb vanishes, the spinor C,a is a twistor of negative chirality, as previously 
recognized in |33| . Finally, the third relation in (I39p guarantees that if the Ricci scalar vanishes, A = 0, then 
the spinor C,a obeys the massless Dirac equation. Analogously, if iI>a is a twistor of negative chirality, namely 

then the following integrability conditions hold 

'^^^DEi’F = 0 , ^DEX^ = - “ 2 A ■!/)[£) (5^ , VcdX^ = 3 A V'd • 

Therefore, analogous conclusions hold for twistors of negative chirality. 
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6.3 Integrable Pure Spinor 

Finally, we shall consider the integrability condition for Eq. (|33p when p = 1, i.e. we are going to analyse the 
integrability conditions for the existence of an integrable pure spinor. Let be a spinor of positive chirality 
such that its associated maximally isotropic distribution is integrable, in other words, Eq. (1311) holds. Then, 
defining 0b = ^^Vab, it follows that 

= (40) 

In particular, note that vanishes. Before proceeding, it is useful to define the differential operator 

Db = in terms of which Eq. (140 p is conveniently written as Db^^ = 0bC^■ Differentiating this 

equation, one concludes that 

DiaDb]^^ = (^D^aOb]- (41) 

On the other hand, we have that 

{DaDb - DBDA)f =fi^{VFAVEB - VgB Vi^^) . 

Contracting the latter equation with and performing some algebraic manipulations, one eventually 

concludes that 

.abkIdaDb^ = be- 

Then, inserting Eq. (|4ip in the left hand side of the latter relation yields 

( 42 ) 

In particular, this integrability condition implies that the spinorial representation of the Weyl tensor must 
obey the following algebraic constraint: 

= 0- («) 

Since the null structure defined has a projective nature, it is invariant by changes of scale, ^ 

where A stands for an arbitrary scalar function. Thus, a particularly interesting question is whether it is 

possible to choose the scale A in such a way that instead of (I40l) the simpler equation 

= o (44) 

holds. Imposing (1441) and using (|40p one concludes that the function A must be such that D^A = 6b- However, 
this equation is a constraint over the spinorial field 9b that generally admits no solution. Indeed, applying 
Da to the latter relation, and using the fact that the Levi-Civita connection is torsionfree, one concludes that 
9b must be such that D^^a^b] vanishes. Such condition, in turn, due to (1421) . requires that 

= 0, (45) 

where Cc is any spinor such that ^^Ca 7^ 0. Note that this condition is not guaranteed by the integrability 

condition (j43l) . Obviously, completely analogous relations hold for the case of integrable pure spinors of 

negative chirality. 
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It is worth stressing that the integrability conditions presented here are necessary but, generally, not 
sufficient. Indeed, in order to obtain the sufficient conditions, one must further workout the integrability 
conditions obtained by manipulating higher derivatives of the analysed differential equation. This process 
should be continued until the integrability condition of order n is a consequence of the integrability conditions 
of order less than n. Where by an integrability condition of order n it is meant the constraints obtained over 
the curvature by differentiating the analysed differential equation n times. Here, we have presented just the 
first order integrability conditions. For instance, the integrability condition (1431) . for the pure spinor to 
generate an integrable maximally isotropic distribution, is not sufficient. Indeed, in Ref. mi it has been 
obtained the sufficient condition for a maximally isotropic distribution to be integrable in any dimension, 
using the tensorial formalism, and in |26| this condition has been translated to the six-dimensional spinorial 
language. The final result is that a maximally isotropic distribution generated by is integrable if, and only 

if, 

^E^[K^L][C^^^A] ^ 0 ^ 

which is stronger than the constraint (I43p . In particular, this constraint along with the traceless property of 
the spinorial representation of the Weyl tensor, = 0, implies that Eq. (|45p holds. Nevertheless, it is 

worth recalling that Eq. (I45p is just the first order integrability condition for the equation DbX = Ob- 

As a hnal comment, note that all integrability conditions presented here impose constraints on the part 
of the curvature involving only the Weyl tensor. This should be expected from the fact that the equations 
investigated here are conformally invariant along with the fact that Weyl tensor is the only part of the curvature 
that is invariant under an arbitrary conformal transformation. The notion of algebraically special Weyl tensors 
have played an important role in four dimensions. For instance, it motivated the discovery of the Kerr solution 
|4‘2) and, more generally, it has enabled a full analytic integration of Einstein’s equation in vacuum spacetimes 
of Petrov type D |43| . More recently, algebraic classifications for the Weyl tensor have also been defined in 
higher dimensions and used, for instance, in the study of spacetimes with vanishing curvature invariants, see 
|44l I45l H6l I28| and references therein. Hopefully, the algebraic integrability conditions presented here will 
also be of relevance in this context. 

7 Conclusions and Perspectives 

In this article the theme of conformal transformations and conformally invariant equations in the six-dimensional 
spinorial formalism have been exploited and many identities have apparently been introduced for the first time, 
as exemplifies (ED, da, da and da- The use of the index notation has enabled the generalization of three 
well-known conformally invariant spinorial equations to conformally invariant equations for totally symmetric 
spinorial objects of arbitrary rank, i.e. for fields of spin greater than 1/2. We have also managed to give some 
geometrical interpretation for such helds. Einally, the integrability condition for some of these equations have 
been worked out. In addition, the relevance of harmonic 3-forms in six dimensions have been pointed out. 
Particularly, closed (anti-)self-dual 3-forms can be seen as instanton solutions for the Yang-Mills theory on a 
gerbe. 

In four dimensions, one important application of the spinorial formalism to conformal transformations is 
the study of asymptotically flat spacetimes |2]- In particular, one interesting result is the so-called peeling 
theorem, which states that in asymptotically flat spacetimes the algebraic type of the Weyl tensor and, more 
generally, of a massless field, become more and more special as the null infinity is approached along a null 
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geodesic |2]. Then, a natural question is whether similar results can be proved in six dimensions using the tools 
introduced here. In reference m the peeling theorem for the Weyl tensor was generalized to all dimensions 
using simple arguments about scaling properties. But this result was based on an assumption that latter has 
proved to be incompatible with a physically reasonable definition of asymptotically flat spacetime in dimensions 
greater than four. Just recently, the peeling theorem for the Weyl tensor has been correctly extended to higher¬ 
dimensional space-times, by Godazgar and Reall |48) . In the latter reference it has been shown that there are 
qualitative differences between the four-dimensional and the higher-dimensional cases. These differences stem 
from the fact that in higher dimensions it is more involved to impose the basic physical requirements that 
an asymptotically flat spacetime should satisfy, namely it must be stable under small perturbations, should 
admit the existence of gravitational radiation, and should be compatible with the existence of a generator for 
the Bondi energy [491150| . Although the peeling property for the Weyl tensor have already been extended 
to higher dimensions, the study of the asymptotic behaviour of a general massless field in an asymptotically 
flat spacetime remains to be done. It is fair to expect that the tools introduced here can be valuable for the 
analysis of this problem in six dimensions. 

It is worth stressing that the power of choosing a suitable notation cannot be underestimated. Indeed, the 
choice of using the index notation was one of the main reasons for the numerous triumphs accomplished by 
Roger Penrose on the application of the spinorial formalism in four-dimensional general relativity. Analogously, 
the present article hints that similar achievements can be performed in six dimensions. Curiously, it turns out 
that there are great resemblances between the spinorial formalism in four and six dimensions. For instance, a 
four-component Weyl spinor in six-dimensional spacetimes can be conveniently written as a two-component 
object over the quaternion field [HD [52], which stems from the isomorphism SPin{M}’^) ~ 5L(2,]HI). Thus, a 
spinor in six dimensions can be written in a fashion quite similar to Penrose’s index notation, using indices 
ranging from 1 to 2. This fact can lead to nice insights on generalizations of four-dimensional results to 
six dimensions. In particular, it would be interesting to investigate whether the relation between complex 
conformal transformations and torsion, pointed out by Penrose in four dimensions |53| . is carried to six 
dimensions. 

Further investigation in the direction of this article is already in progress. The aim of the forthcoming 
work is to use the index notation of the six-dimensional spinorial formalism to study conformal Killing-Yano 
tensors and their connection with Killing spinors. In particular, we shall work out the integrability conditions 
for the latter objects. Conformal Killing-Yano tensors have acquired great relevance in the study of higher¬ 
dimensional black holes, as they allowed the analytical integration of several field equations as well as the 
geodesic equation on the Kerr-NUT-(A)dS spacetimes in arbitrary dimensions, see |54j and references therein. 
Moreover, Killing spinors are of central importance in supergravity and general supersymmetric theories |55| . 
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